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Abstract 
We classify the finite-dimensional simple R-modules for a class of algebras which arise as 
iterated skew polynomial rings in two variables over commutative k-algebras for an algebraic- 
ally closed field k of arbitrary characteristic. The class includes the enveloping algebra and the 
quantized enveloping algebra of the Lie algebra s/(2,/~), the quantized Weyl algebra in two 
variables. various quantum groups, and the enveloping algebra of the dispin Lie superalgebra. 
0. Introduction 
In [S] we introduced certain iterated skew polynomial rings R = A [y; z] [x; xm I, S] 
in two variables over a commutative ring A. The class of rings arising from this 
construction includes the universal enveloping algebra of the Lie algebra s/(2, C) and 
several quantum groups. Here we extend this class of rings by introducing an extra 
parameter to the construction. Significant examples which are in the extended class, 
but not the original one, include the quantized Weyl algebra, the universal enveloping 
algebra of the dispin Lie superalgebra and an algebra introduced by Woronowicz [9] 
in his approach to quantum groups. Details of the general construction and of these 
and other examples will be given in Section I. 
In this paper we concentrate on the determination of the finite-dimensional simple 
R-modules when A is an affine domain over an algebraically closed field. In another 
paper [6], we discuss the prime and primitive ideals of R. 
Our results on the finite-dimensional simple R-modules generalize those obtained 
in [S] for the case considered there which is the case where the extra parameter p is 1. 
In [S] a maximal ideal M of A of finite period n under the action of the automorphism 
r gives rise to an essentially 2-parameter family of n-dimensional simple R-modules. 
When p # 1 there is an analogous family but with a single parameter. However, if 
(1 is a primitive mth root of unity M also gives rise to a 2-parameter family of 
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s-dimensional simple R-modules where s is the least common multiple of n and m. In 
the general case, the classification of the finite-dimensional simple R-modules not in 
these families, i.e. those which are torsion with respect o the powers of each of the 
variables x,y, is similar to that given in [S] for the case p = 1. They are found by 
computing the pairs M, d, where M is a maximal ideal of A, d is a positive integer and 
u - pdad(n) E M, where u is an particular element of A used in specifying the deriva- 
tion 6 in the construction of R. 
In addition to generalizing the results of [S], we shall make some refinements to the 
arguments presented there. 
1. The general construction and examples 
1.1. The construction. Let A be a finitely generated commutative algebra over an 
algebraically closed field k, let c( be a k-automorphism of A, let u E A and let p E k\ {O}. 
From this data we construct below a ring R = R(A, x, u, p). When p = 1 we obtain the 
rings considered in [S]. Form the skew polynomial ring S = [A, y; CX] and extend cx to 
S by setting CI( y) = p ' y. There is an CI l-derivation 6 of S such that S(A) = 0 and 
6(y) = u - pa(u). This can be verified using [2,0.8, p. 411 as for the case p = 1 in 
[5,1 .l]. Alternatively, 6 is a special case of a construction of cL_ l-derivations described 
in [4,2.8]. Let R be the skew polynomial ring S[.x;a- ‘,S]. Thus xy - 
pyx = u - pa(u) and, for all u E A, xu = a-‘(a).~ and yu = %(a)~. 
This notation will be fixed throughout the paper. 
Several examples in which p = 1 were described in [S, Section 21. These include the 
universal enveloping algebra U(sQ2, C)), its quantization U&/(2, C)) and various 
quantum groups. Below we give some examples with p # 1. 
1.2. Example (The quantized Weyl ulgehru). Let A = k so that necessarily a = idk. 
Let p E k\{O, 1) and let u = l/(1 - p). Then the resulting k-algebra R is generated by 
x and y subject to the relation 
xy-pyx= 1. 
This is the so-called quantized Weyl algebra A?. Different choices of 0 # u E k give rise 
to algebras isomorphic to it. 
1.3. Example (The dispin enveloping algebra). Suppose that chark # 2. Let A be the 
polynomial algebra k[r], let tl be the k-automorphism of A such that z(r) = t + 1, let 
p = - 1 and let u = (2t - 1)/4. As a k-algebra, R is then generated by t,.u and 
y subject to the relations 
tx - xt = x, yt - ty = y, xy + yx = t. 
When k = @, this is the universal enveloping algebra of the dispin Lie superalgebra 
B[O, 11, see [7]. 
1.4. Example (Woronowic~z). (i) Let A = k[t], let YE k\ (0.1, - 1 i, let r be the k- 
automorphism of A such that (w(t) = r4f, let p = \I- ’ and let u = t/r( 1 - 17’ )
+ v3/(? - 1)2. Then, as a k-algebra, R is generated by r,r and y subject to the 
relations 
With t’ = t + vz/(v2 - I), these become 
.ut’ - \’ mA f’S = (1 + \‘_‘)S, 
f’j’ - 1’ _SJ’f’ = (1 + \‘_2)_r, 
_Uj - I’ 2 j’.Y = 1’ ’ f ‘. 
This algebra was first considered by Woronowicz [IS], see also [S, Section 71. 
(ii) In (i), replace k[t] by the Laurent polynomial algebra k [r, t ‘1 but let 3, p and 
II be as before. If 1’ is not a root of unity then A now has no nonzero ideal invariant 
under x. The resulting ring R differs from the one in (i) in a number of respects. For 
example, it has a non-trivial centre, see 1.6, and the localization which converts the 
ring R in (i) to that in (ii) annihilates an infinite family of l-dimensional simple 
modules, see Section 4. 
1.5. Further examples. Other authors have considered classes of algebras which fit 
into our construction. Bell and Smith [l] study certain noncommutative polynomial 
algebras in three variables over C. Not all of these are iterated skew polynomial rings 
over @ but those that are can be obtained from the construction in 1 .l with A = @[t], 
with 2 = id,A or as in 1.3 or 1.4(i), and with u of degree I 1. In particular, this includes 
the examples in I .3 and 1.4(i). 
Goodearl and Letzter [4, 14.11 construct a class of iterated skew polynomial rings 
in two variables over a Noetherian k-algebra T. When T = A these, except where, in 
the notation of [4,14.1], q = 1 and d # 0, are the rings given by the construction of 1 .l 
in the case where “A(U) = VU for some c E k\,(O), so that II - ox(u) = (1 - pv)u. The 
element LI in [4.14.1] corresponds to the element (1 - pr)u here. 
1.6. Casimir element. Let 2 = .YY - u = p( j’s - z(u)). Then I commutes with all 
elements of A, yz = pm’ zy and .YZ = pus. Consequently z is a normal element of 
R inducing a k-automorphism b of R such that P(a) = (I for all u E A, /j(y) = py and 
p(s) = 11~ ‘s. If p = 1 as in [S, 1.21 then z is central and if p is an nth root of unity then 
-? ’ is central. 
If there is a nonzero element 1’ E A such that x(r) = p”‘t’ for some m then V? is 
central. This occurs in Example 1.4(ii) with c = t- '.m = 2. Hence t- ’ z2 is central in 
R in 1.4(ii) and is in the centre of the quotient ring of R in 1.4(i). Further analysis of the 
center of R and its relation to the height one prime ideals of R is given in [6]. 
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1.7. Localizations. In [S, 1.51 we showed that, in the case p = 1, the sets {y’}i> I and 
( il ,x ri Z 1 are right and left denominator sets in R. The corresponding localizations 
R, and R, can be identified with A [y, y- ‘; a] [z] and A [x,x- ‘; CI- ‘1 [z] , respectively. 
In the more general situation here, the sets (y’)i 2 1 and (.x~}~ > , are again right and 
left denominator sets in R by [3, Lemma 1.43. Note that x = (z + u)y-’ and 
y = (p-iz + c((U))x-‘. If cx is extended to the commutative polynomial ring A [z] by 
setting m(z) = p-lz then R, = A[z][y,y-‘;a] and R, = A[z] [_x,.x-~;cc~~] 
For r = y or x, we say that a right R-module is r-torsion (resp. r-torsion-free) if it is 
torsion (resp. torsion-free) with respect o {ri)i> 1. A module which is both y-torsion 
and x-torsion will be called xy-torsion. 
1.8. Notation. Let M be a maximal ideal of A or of A[z]. If cc”(M) = M for some 
n 2 1 then we say that M is periodic qforder d, where d is the least positive integer such 
that ad(M) = M. 
1.9. Identity. The following identity, which holds for n 2 1 and can be checked 
inductively, will be of frequent use. 
Xf - p”y”x = (u - p"a"(u))y"- l, 
2. Torsion modules 
In this section we classify the xy-torsion simple right R-modules. These are all 
finite-dimensional nd occur as factors of certain modules V(M), where M is a maxi- 
mal ideal of A. The modules V(M) are based on the Verma modules over U(s/(2, C)). 
2.1. Verma modules. For a maximal ideal M of A we denote by V(M) the right 
R-module R/I, where I = MR + xR. For i 2 0, let vi = y’ + I E V(M). Each 
AUi = UiA is an A-submodule of V(M) with annihilator a-‘(M) in A. Clearly 
V(M)=Oi.oAL~i.Fori20,oiy=vi+l and it follows from the identity in 1.9 that 
Vi.Y = Oi_ l(a(u) - p~‘cC’-‘(U)). 
Note also that viz = - v,p-‘x-‘(u) = Vip-‘i where)_ E k is such that u + E, E M. Thus 
ann,tZ1(ri) = MA[z] + (Z - p-ii) A[z]. 
2.2. Notation. Let M be a maximal ideal of A. If j 2 0 is such that u - p’&(u) E M 
then V(M)y’ = @i 2 jUi A is an R-submodule of V(M). We denote this submodule by 
D(M,j). In particular, D(M,O) = V(M). 
For an element v of V(M) = oi 2 OVi A, the support of v is the set of those 
nonnegative integers i for which the ith component of u is nonzero. 
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2.3. Proposition. Let M be a maximal ideal of A and let j 2 0 be such that 
u - p’&(u) E M. Let X be a nonzero submodule of V(M). 
(i) Let v E X be such that the support of v is singleton {i} with j I i. If j is maximal 
such that 0 I j I i and u - p’cr’(u) E M then D(M,j) G X. 
(ii) If D(M,j) c X and 1 is maximal such that 0 I 1 <j and u - p’cc’(u) E M then 
D(M,l) G X. 
(iii) Every submodule of V(M)/D(M,j) has the form D(M,l)/D(M,j) where 
u - ptcr’(u) E M, 0 5 1 < j. In particular, ifj > 0 is minimal with u - p’&(u) E M 
then V(M)/D(M,j) is a simple module. 
(iv) !f M is not periodic, or ifu$M and p is not a root of unity, then X = D(M, 1) for 
some 12 0 with u - pt~t(u) E M. 
Proof. (i) is straightforward using the action of y and x specified in 2.1. In (ii) X must, 
by the action of y, contain and element with singleton support {j - 1). Thus (ii) 
follows from (i). (iii) is immediate from (ii). For (iv), let i, E k such that u + i. E k and let 
N be the maximal ideal MA[z] + (z - ~)A[z] of A[z]. Thus, for i 20, 
annAt,] = a’(N), see 2.1. If M is not periodic then neither is N. If u#M, so that 
,? # 0, and p is not a root of unity, then again, N is not periodic, Let 0 # v E X. As the 
maximal ideals a-‘(N) are distinct, there exists,f E A[z] such that the support of vf is 
a singleton. The result follows from (i) and (iii). 
2.4. Remark. We shall see in 3.6 that if M is periodic and either u E M or p is a root of 
unity then the conclusion of 2.3(iv) is false. 
2.5. Notation. Let M be a maximal ideal of A for which there exists j > 0 with 
u - pjcrj(u) E M and choose the minimal such j. The simple module V(M)/D(M, j), 
which has dimension j and is isomorphic to R/(MR + xR + yjR), will be denoted 
L(M). 
If M is periodic and p is a root of unity then u - p”r”(u) E M, where s is the least 
positive integer such that both c?(M) = M and pS = 1. Thus L(M) exists and has 
dimension at most s. 
2.6. Theorem Let X be an xy-torsion simple right R-module. Then X z L(M),for some 
maximal ideal M of A. Thus dimk X = d, where d is the least positive integer with 
u - pdsrd(u) E M. 
Proof. Let d 2 1 be minimal such that there exists 0 # v E X with U.Y = 0 = vyd. Let 
a E A, i 2 1. By 1.9, 
uay’x = p-‘vaxy’ + va(cl’(u) - ~-~u)y’-’ = va(cr’(u) - pPiu)y’-‘. 
Let I be an ideal of A strictly containing ann,(v). By the above, vl + 
vly + ... + vlyd-’ is a submodule of X and hence, by simplicity of X, 
x = VI + vly + . . ’ + vlyd-’ = VA + vAy + ... + vAyd-‘. 
Consequently, there exist ii, i2, . . , id E I such that 
c = vi, + vi,y + .‘. + I&V”-‘. 
But then ~(1 - i,)y”-’ = 0 = ~(1 - i,)x, contradicting the choice of d unless 
v( I - i,) = 0. Hence 1 - il E arm,(c) c I, whence 1 E I and I = A. Therefore, arm,(o) 
is a maximal ideal, M, say, of A. Now MR + sR G annR(r) so there is an R-module 
homomorphism (I: V(M) + X. Furthermore, L’~ E ker 0 and it follows from 2.3(i), (iii) 
and the simplicity of X that L(M) z X. 
3. Torsion-free finite-dimensional simple modules 
In this section we classify the y-torsion-free finite-dimensional simple R-modules, 
and, by symmetry, the x-torsion-free finite-dimensional simple R-modules. Together 
with 2.6, this completes the classification of the finite-dimensional simple R-modules. 
Every finite-dimensional simple R-module must contain a l-dimensional simple 
module A [z]/N over the commutative algebra A [z]. The y-torsion-free finite-dimen- 
sional simple R-modules occur as extensions of A [z]/N for periodic maximal ideals 
N of A[-_]. 
3.1. Proposition. Let N hr a muximal ideul of A [z] with ,finite period s under x. For 
5 E k\ [O), the right R-module Rf(NR + (y’ - OR) is simple. 
Proof. Note that N = MA[z] + (z - q)A[z] for some n E k and some maximal ideal 
M, necessarily periodic, of A. Let I = NR + (4’ - t )R. To see that I # R, pass 
to the localization R, = A [z] [ y, y- ’ ; x] and observe that, because x”(N) = N, 
IR, G NR, + R,,(J~” - 5). A simple calculation comparing coefficients of y establishes 
that I$NR? + R,(yS - 0 and hence IR, # R,.. For 0 I i I s - 1, let wi = _$ + I. 
Then usi # 0, otherwise IR,. = R,, and W;Z = p-iq~~‘i. It follows that 
ann,,,,(w,) = a-‘(M)A[z] + (z - pm’q)A[z] = x-‘(N) and, as these maximal ideals 
are distinct for 0 I i I s - 1, the wi’s are linearly independent. 
For 1 I i I s - 1, 
J”.X + I = J--l(p-lz + z(u)) + I = yi-‘(p-i’? + x(u)). 
Also 
These calculations establish that M’~, M’~, . , u’,_ 1 form a k-basis for R/I with 
i 
wi+1 if i<s- 1, 
"iY = 
5WO if i = s - 1 
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and 
\Z’i ,(flCiPj + Z(U)) if i>O, 
H’j x = 
c ’ \v,_, (q + r(u)) if i = 0. 
Let X be a nonzero submodule of R/l and let 0 # u E X. As the maximal ideals 
x-‘(N), 0 5 i < s are distinct, there existsJ’E A [z] such that qf= wi for some i. By the 
action of ~7, it follows that X = R/i which is therefore simple. 
3.2. Notation. Let M be a periodic maximal ideal of A with order n. There are two 
ways in which M may extend to a periodic maximal ideal N = MA [z] + (z - q)A [z] 
of A [z]. The first possibility, which always occurs, is that q = 0, in which case N 
has order II. In this case, we denote the n-dimensional simple R-module R, 
(NR + (J>” - <)R) by C(M,l). If y # 0 then N = MA[z] + (z - q)A[z] is periodic if 
and only if p is a root of unity. In this case the order N is the least common multiple, s, 
of the order of M and the order of p in the multiplicative group of k. We denote the 
s-dimensional simple R-module R/(NR + (y” - OR) by B( M, i_r, q). 
To summarize, M gives rise to a one-parameter family of n-dimensional y-tor- 
sion-free simple modules C(M, 0, t # 0 and, if p is a root of unity, to a two-parameter 
family of s-dimensional y-torsion-free simple modules B(M, 5, q), q, l # 0. 
3.3. Theorem. Let X be u,finite-dimensiona Jl-torsion$ree simple right R-module. Then 
there is II periodic mauimu ideal M qf A such that either X 2 C (M, < ),for some nonzero 
< E k or p is II root of unity und X z i?( M, <, q) .fbr some nonzeru <, q E k. 
Proof. There is a l-dimensional A[z]-module ck contained in X. Let N = ann,t,,(u), 
a maximal ideal of A [z]. For d 2 1, t>yd # 0 and myrrh” = 0. Therefore, N must be 
periodic otherwise the maximal ideals x-‘(N), i 2 0, would be distinct and X would 
contain the direct sum of infinitely many non-zero weight spaces Wi = {w E X: 
wx- ‘(N) = 0). Let s be the order of N. Then W,y” c W,, and, as X is y-torsion-free, 
I+‘,, must contain an eigenvector w, with nonzero eigenvector 5, for multiplication by 
y’. Thus NR + (y’- <)R G arm,(w) and, as R(NR + (ys - <)R) is simple, X = 
IS$R s R/annR(w) = R/(NR + (y’ - <)R). The result follows as N must have the form 
MA[z] + (z - q)A [z]. where M = NnA is periodic and either q = 0 or p is a root of 
unity. 
3.4. x-y-Symmetry. There is symmetry between the roles of .Y and y in the construc- 
tion of R. If x and y are interchanged and M, u and p are replaced by rP I, - pa(u) and 
p- ‘9 respectively, then the same ring R results. Thus, arising from a periodic maximal 
ideal M of A with period n, there is a family of H-dimensional simple .y-torsion-free 
modules C’(M,<) = R/(MR + zR -t- (.u” - OR). A necessary and sufficient condition 
for the module C(M,<) to be .u-torsion is that &(u) E M for some i. Hence the 
classes C(M, 5) and Ct(M, 5) coincide if and only if x’(u)#M for all i. Similarly, if p 
is a root of unity then there is a family of s-dimensional x-torsion-free modules 
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Bt(M, 5,s) = R/(MR + (z - q)R + (x’ - OR). By the analogous result to 3.3, every 
finite-dimensional x-torsion-free simple R-module is isomorphic to a module of one of 
the forms C’+(M, 5) or B’(M,t, ‘1) .
3.5. Remark. Let <, [ E k\{O} and let N, N’ be periodic maximal ideals of A [z] of the 
same order s. If N’ = a-‘(N) for some i then it is easily checked that R/ 
(NR + (y” - OR) z R/(N’R + (y” - i)R) if and only if 5 = [ and N and N’ are in the 
same orbit under the powers of c(. 
3.6. Remark. Let M be a periodic maximal ideal and let r] E k be such that u + q E M. 
If ye = 0 or p is a root of unity then N = MA [z] + (z - v])A [z] is a periodic maximal 
ideal A [z] and, in R/(NR + (y” - OR) = woR, wax = 0 so there is a natural R- 
module homomorphism 4: V(M) --f R/(NR + (y” - OR. It is clear that ker+, which 
contains, for example, rue - u,, does not contain any submodule of V(M) of the form 
D(M,j). Thus the conditions on M,u and p in 2.3(iv) are necessary. 
3.7. Summary. The results of 2.6,3.3 and 3.4 together give an algebraic classification 
the finite-dimensional simple right R-modules in terms of maximal ideals M of A. 
Such a module is isomorphic to one of the following 
(i) a d-dimensional module L(M) where Li > 0 is minimal with u - pdad(u) E M. 
(ii) an n-dimensional module C(M, 0 or C+(M,t) where M is periodic of order 
n and 0 # 5 E k. 
(iii) an s-dimensional module B(M, 5, ‘I) or Bt (M, 5, ye) where M is periodic, p is 
a root of unity, s is the least common multiple of the orders of M and p and 
0 # 4,~ E k. 
Geometrically, the periodic maximal ideals of A or A [z] are the periodic points in 
the appropriate variety SpecA or SpecA[z]. As the families B(M,&u) and C(M,t) 
have a common interpretation over A[z], it is preferable to think in terms of periodic 
points of Spec A [z]. The criterion which determines the simple modules L(M), where 
M E Spec A, also has an interpretation in terms of orbits of points of Spec A [z]. To see 
this, let N = MA[z] + (z + u)A[z] = ann,tzl(vO). Then, for d 2 0, 
u - pdad(u) E M o z + u E U-~(N). 
Thus, the criterion for the existence of L(M) is that the orbit of N intersects the 
subvariety determined by z + u in more than one point. 
4. Examples 
The finite-dimensional simple R-modules were determined in [S] for several exam- 
ples with p = 1. Below we consider some examples in which p # 1, applying the 
results of Sections 2 and 3 without explicit reference. We begin with the examples 
described in 1.2-1.4. Although the finite-dimensional simple modules for these 
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examples have been determined elsewhere, they provide nice illustrations of the results 
of this paper and of how these results explain the differences and similarities which 
occur. 
4.1. Example (The quantized Weyl algebra). In this example, specified in 1.2, A = k so 
the only maximal ideal is 0 which is periodic of order 1. 
Ford 2 1, II - pdad(u) = pd-’ + pdm2 + ... + 1 so if p is not a root of unity then 
there are no sy-torsion simple modules and if p is a primitive nth root of unity then the 
n-dimensional simple module L(0) is the only xy-torsion simple module. 
For all p, there is a family of l-dimensional simple R-modules C(0, t;), 4 # 0. As u is 
a unit, it follows from 3.4 that this coincides with the family Ct(O, 5). 
If p is a primitive nth root of unity, n > 1, then there are overlapping families of 
n-dimensional simple modules B(O,& 9) and B'(0, 5, q), 5 # 0, n # 0. 
Consider, for example, the case p = - 1 in which the defining relation is 
xy + j’.U = 1. 
In the l-dimensional modules, C(O,(), y acts as 5 and x as 4 - l/2. 
For 5, II # 0, the 2-dimensional simple module B(0, t, q) has a basis for which the 
matrices Y and X representing the actions of y and x, respectively, are 
Y=(:’ (g, X=((tyv) tq+y. 
The values of 9 for which B(O,&n) is x-torsion are & *, For this value of p, the 
symmetry between y and x is given by a k-automorphism of R which transposes them 
so the simple modules B + (0, {, q) not of the form B(0, 4, q) are given by interchanging 
X, Y above and setting v] = f f. 
4.2. Example (The dispin enveloping algebra). When A = k [t] and a(r) = t + 1, as in 
1.3, and k has characteristic 0, there are no periodic maximal ideals so any finite- 
dimensional simple modules must be of the form L(M). 
For d 2 1, with u,p as in 1.3, 
u - pdzd(u) = 
- d/2 if d is even, 
r + (d - 1)/2 if d is odd. 
Hence R has no even-dimensional simple R-modules and has one d-dimensional 
simple R-module for each odd positive integer d. 
If, in this example, A, a, and u are unchanged but p is a primitive nth root of unity 
then there is no m-dimensional simple R-module if n divides m and a unique 
m-dimensional simple R-module otherwise. This observation has also been made 
in [l]. 
If k has nonzero odd characteristic p then every maximal ideal of A is periodic order 
p. Consequently, with p = - 1, there are infinitely many simple modules, C(M,t), 
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C +(M, 0, of dimension p and infinitely many, B( M, <, q), B + (M, <, q) of dimension 2~. 
There is also, for each odd integer d, 1 I d < 2p, a d-dimensional simple module of the 
form L(M). 
4.3. Example ( Woronowicz). Let A, a and u be as in 1.4(i) and suppose that p = v - ’ is 
not a root of unity. There is a unique periodic maximal ideal tA, which has order 1, so 
there is an infinite family of l-dimensional simple R-modules C(tA, 5). By 3.4, this 
coincides with the family C+(tA, 0. For d 2 1, 
u - #d(U) = 
1 _ ,,2d \,3(1 _ ,tm*d) 
v(1 - r2) r + (\,2 - 1)2 ’ 
which generates the maximal ideal (t - (v 4+2d)/(r2 - 1))A. It follows that there is 
a unique d-dimensional xy-torsion simple R-module L((t - (v~+*~)/(v~ - 1)) A). 
These survive the passage, by localization at , t , , ’ i’ to 1.4(ii) where they become the only 
finite-dimensional simple R-modules because the modules C+(tA, <) are annihilated. 
Now suppose that p is a primitive nth root of unity. If n = 2m is even then 51 has 
order m so R has infinitely many simple modules for each of the dimensions 1, m, n. 
When n is odd there are infinitely many simple modules of each of the dimensions 
1,~ In addition, for 1 I d I n, there is a d-dimensional simple module 
L((t - (,++2d)/(V2 - l))A). 
4.4. Example. Let A = @[f,rC’], r(r) = - t, u = t -t 1 and suppose that p is not 
a root of unity. Each maximal ideal M is periodic of order 2 and so there are infinitely 
many 2-dimensional simple R-modules. For d 2 1, 
(1 - pdM + 1) if d is even, 
(1 +p”)t+(l -p”) if d is odd. 
If M = (t + 1)A = uA then V(M) has infinite length, L(M), which has dimension 2, is 
the only .uy-torsion even-dimensional simple R-module and, by 3.6, C(M, <) is 
a simple factor of V(M) for all 0 # 4 E k. For maximal ideals M # (t + l)A, 2.3(iv) 
is applicable and V(M) is either simple or has a unique simple factor L(M). 
For uncountably many values of p (those which are not roots of any of the equa- 
tions (1 - p”)/( 1 + p”) = (1 - p”),/(l + p”), where m # n), there is, for each odd 
positive integer d, a unique simple d-dimensional simple R-module, 
U(t + (1 - pd)!(l + pd))A). 
4.5. Example. Let A = C [t, t ‘1, cc(t) = 2t and let p = - 1. There are no periodic 
maximal ideals so all finite-dimensional R-modules must have the form L(M). We 
illustrate the sensitivity of the structure of R to the choice of u by considering 
3 quadratics. Firstly, let u = t2 so that u - pdrd(u) is a unit for all d 2 1 and there 
are no finite-dimensional simple R-modules. Secondly, let u = t2 + 1 so that 
u - pdxd(u) = (1 - ( - 4)d)r2 + (1 - ( - l)d). If d is even then this is a unit so there 
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are no d-dimensional simple R-modules. If d is odd then there are two distinct 
maximal ideals containing u - pdxd(n) and either of these determines d. Hence there 
are two d-dimensional simple R-modules for such d. 
Finally, let u = tZ + t + 1. Then u - pdxd(n) = (1 - ( - 4)“t’ + (1 - ( - 2)d)r + 
(1 - ( - l)d) = Pd(f), say. If d is even the roots of Pd(f) are 0 and - l/(2d + 1). Let a be 
a root of pd(t) for an odd value of d. Then u$(w, a is not a repeated root of P‘,(t) and, 
because u$[w and the real quadratic Rd(t) has the same constant term for all odd d, 
(I cannot be a root of pd(t) for two distinct values of d. It follows that R has one 
d-dimensional simple module for each even value of d and two d-dimensional simple 
modules for each odd value of d. 
4.6. Example. This example has infinitely many finite-dimensional simple modules, 
all of the same dimension and all of the form L(M). It does not satisfy a polynomial 
identity. 
Let A = C[r, r- ‘1 with cx(r) = qr, where q E C\ (0; is such that py # 1, and let 
u=r/(l -pq).Thusxy-p~x=r,~r=qryandsr=q - ’ rx. This is a localization of 
a 2-parameter quantization of the enveloping algebra of the 3-dimensional Heisen- 
berg Lie algebra and we consider the case where 4 is not a root of unity but py 
is a primitive nth root of unity, FI > 1. There are no periodic maximal ideals so 
all finite-dimensional R-modules must have the form L(M). Now II - pdxd(u) = 0 
if n divides d and is a unit otherwise. Hence, for all maximal ideals M, 
u - p”x”(u) = 0 E M and there is an n-dimensional simple module L(M). 
A related example, where R is graded and generated by degree one elements X, J and 
r, is obtained by taking A = @[r] with a(r) = qr, where CJ E @?,, (0) is such that cry’ # 1, 
and u = r2/( 1 - py’). Thus .x2’ - pyx = r2, yr = qry and xr = qm ’ rx. Suppose that rl is 
not a root of unity but that pq’ is a primitive nth root of unity. Then there are 
infinitely many n-dimensional simple modules L(M), where M # rA, and the periodic 
maximal ideal rA gives rise to infinitely many l-dimensional simple modules. 
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